Abstract-The problem of plane wave diffraction from the periodic structure of an infinite PEC wall lined with pyramidal absorbers is considered. A hybrid method based on the R-matrix Fourier modal method (RFMM) and the mode matching (MM) of fields is used for the efficient and robust analysis of this class of absorbers. The hybrid method benefits from the discrete spectrum of the periodic structure in transverse directions and consequently avoids spatial discretization along the periodicity axes. This leads to considerable reduction in the number of unknown coefficients. Furthermore, the method is capable of considering dispersive and inhomogeneous materials which are frequently used in the absorber industry. Several examples are outlined, simulated, and measured to show the efficiency and accuracy of the method. The versatility and flexibility of the hybrid RFMM-MM technique makes it suitable for the optimal design of pyramidal absorbers to achieve further improvements in their performances.
I. INTRODUCTION

E
LECTROMAGNETIC absorbers are, by definition, those structures that cover a surface to minimize the reflection of the incident electromagnetic waves. Owing to their numerous applications in different domains from tracking technologies to electromagnetic compatibility (EMC), extensive research efforts in the past century are devoted to their analysis and design [1] . Generally, electromagnetic absorbers may be categorized into two main classes of 1) resonating and 2) nonresonating structures.
In the first group, a lossy material is devised in form of a resonating structure. The electromagnetic resonance in conjunction with the loss results in substantial absorption of the incident wave. Several approaches are developed to realize the resonance in the lossy material, each of which leads to a particular absorber type. Some typical approaches are placing a resistive sheet in the distance of λ 0 /4 from a ground plane as in Salisbury screens [2] , [3] , using the Fabry-Perot resonances of a thin lossy layer [4] as well as multilayers absorbing materials [5] , the resonance frequencies of a periodic metallic array printed on a lossy material as in the metamaterial absorbers [6] - [12] , and the resonance frequencies of periodically textured lossy material [13] , [14] . This Manuscript received June 7, 2015 ; revised January 15, 2016; accepted February 19, 2016 . Date of publication March 11, 2016 ; date of current version April 27, 2016 .
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absorber type offers a unique opportunity to fabricate flat configurations with portable geometries and low susceptibility to damage. Nonetheless, the main disadvantage is the narrowband operation due to the required resonance conditions. Absorbers of the second type, i.e., nonresonating absorbers, function based on the gradual impinging of the incident wave into a lossy medium and losing of energy in the absorber material [1] , [15] , [16] . Pyramidal and wedge absorbers, widely used in anechoic chambers, are the most well-known type of such classes [17] . Their main benefit in comparison to the first type is the much larger operation bandwidth. Studying hybrid absorbers in which both types are properly combined to achieve best performing devices is a research topic focused by various groups. For this purpose, numerical techniques need to be developed that is capable of efficiently simulating both types as well as their combination. This paper is indeed one step toward achieving such a simulation tool.
In the last decades, a large number of numerical methods are proposed for the analysis of electromagnetic wave scattering by a periodic structure, which is the main problem in absorber simulation. The method of surface integral equation is developed for layered structures with homogeneous material properties [18] , [19] . A more general version is solving the integral equation for polarization current, which removes the limitation to layered geometries [20] . The method of auxiliary sources is an efficient algorithm for two-dimensional (2-D) structures with smooth surfaces [21] . Different algorithms based on the 3-D discretization of the computational domain, like finite-difference time domain [22] , finite element method (FEM) [23] , and finite-difference frequency domain [24] are also tailored for the aforementioned problem. Their large computational cost compared to other approaches is the main drawback for using such methods for design and optimization.
The Fourier modal method (FMM) [25] - [28] , sometimes referred to as rigorous coupled wave approach [29] or transmission line (TL) formulation [30] , is a mature technique for solving the problem of plane wave scattering off a layered periodic structure. The combination of the method with the mode matching technique for studying arbitrary geometries is also introduced in various studies [31] , [32] . However, to the best of our knowledge, the method is never considered for solving the general problem of pyramidal absorbers in spite of its strong suitability. The main goals in this paper are presenting the simulation of pyramidal absorbers using the mode matching FMM algorithm and assessing its efficiency and accuracy through comparison with measurement results. This paper is organized as follows: In Section II, the geometry and specification of the general considered problem is described. The methodology for solving the electromagnetic problem, meaning the R-matrix FMM method and its combination with mode matching, is thoroughly explained in Section III. Afterward, in Section IV, several examples of pyramidal absorbers are analyzed, with results being compared against measurements. Finally, Section V concludes this paper. Fig. 1 illustrates schematically the general geometry of hybrid pyramidal absorbers. The structure consists of arrays of vertical truncated pyramids arranged in a 2-D lattice and placed on a multilayer configuration. Pyramids have twofold symmetric properties along x-and y-axes, with heights denoted by h p , top square side a, and bottom square side b. Generally, the multilayer structure under the pyramids may be made of three layers with different magnetic or electric properties: the substrate layer with height h s , the matching layer with height h m , and the ferrite layer with height h f . The pyramids are made out of a lossy magnetic and dielectric material that could obtain inhomogeneous properties, meaning that the permittivity and permeability of the material could be functions of the vertical position, namely ε r = ε r (z) and μ r = μ r (z) with 0 < z < h p . The whole structure is backed by a perfect electric conductor surface on the lowest side. Note that, the general geometry shown in Fig. 1 is representative for hybrid absorbers mainly used for EMC applications incorporating truncated pyramids on top of Ferrite tiles. To be able to analyze microwave absorbers with sharp-tip pyramids, one can choose a, h m , and h f equal to zero.
II. PROBLEM SPECIFICATIONS
The goal of the analysis is the determination of the reflected electromagnetic fields when the structure is illuminated by a plane wave with a given angular frequency ω, and direction (θ, ϕ) [ Fig. 1 ].
III. METHODOLOGY
To solve the described problem above, the structure geometry is first discretized into several thin layers, which is similar to the average medium technique [33] , [34] . Afterward, a concatenation of the layers forms the total geometry of the absorber. Fig. 2 shows the aforementioned discretization and the geometry of the basic layers analyzed for evaluating each of the pyramidal absorber. The procedure followed for solving the described problem above consists of two main parts: 1) The mode matching technique to relate the incoming and outgoing fields of adjacent layers and 2) the FMM or the TL technique to evaluate the R-matrix of each layer.
A. Mode Matching Technique
As mentioned before, the average medium technique evaluates each layer by considering a volumetric average permittivity and permeability for each layer. The method we use in this study calculates the properties of each layer using the FMM method providing a TL formulation for each layer, thereby maintaining the periodic nature of the layers. Subsequently, mode matching algorithm is used to concatenate the layers and acquire the total reflection coefficient.
By properties for each layer, the R matrix for each layer is meant, which is defined according to
where
The vector E x is defined as a vector containing all the electric field amplitudes of different diffraction orders along x-axis, i.e., E xmn . Once the R matrix is found for each layer, the total reflection matrix of the absorber is calculated through the implementation of the following recursive equation: N is the total number of layers, is the overall reflection matrix of the layers. Note that the j index of each layer increases from top to bottom. In other words, R 1 stands for the reflection matrix of the top layer with smallest amount of absorber material.
After acquiring the total R matrix of the layers, the whole tapered structure is replaced with an element characterized by the obtained R matrix, as shown in Fig. 3 . Therefore, the reflection coefficient of each diffraction order is calculated from
where Z 0 and Z s are the impedance matrices of the material above the absorber and the equivalent impedance matrix seen from the top layer of the substrate, respectively. To obtain Z s matrix, the impedance matrix of each layer is required. The impedance matrix of a homogeneous layer is obtained from the following set of equations:
where Z TE and Z TM are diagonal matrices consisting in the intrinsic impedances of TE and TM modes (Z 
where k x m n = k x + 2πm/L x and k y m n = k y + 2πn/L y . The values k x and k y are the transverse propagation constants of the incident plane wave, and L x and L y are the lattice constants of the periodic structure along x-and y-axes.
There are different versions of mode matching and layer concatenation developed in the last decade. Some other examples are transmission matrix and S matrix approaches. The reason for selecting R matrix procedure lies in its superiority due to the numerically stable algorithm. For a detailed assessment of different algorithms, the author is referred to [35] .
B. Fourier Modal Method
The remaining step is how to obtain the R matrix for each layer. This is indeed where the TL modeling of a periodic structure is beneficial [30] . The geometry for which a TL formulation should be developed is illustrated in Fig. 2 . The Bloch theorem requires that the source-free solutions to Maxwell's equations satisfy the following conditions: (8) which should hold at every position vector r = xx + yŷ + zẑ. L = ma 1 + na 2 is a vector connecting diagonal corners of the unit cell of the structure with a 1 = L xx and a 2 = L yŷ for a square lattice, and k = k xx + k yŷ denotes the transverse propagation vectors. We assume that the dielectric inclusion in each layer is made of a material with complex dielectric constant ε r . It is straightforward to prove that the following pseudo-Fourier series satisfy (7):
(9) where G mn = mb 1 + nb 2 is a vector of the lattice reciprocal to the one defined by the vectors L mn = mL xx + nL yŷ . Note that for the unique characterization of the propagation mode, the coefficients E mn (z) and H mn (z) along with k x and k y should be determined.
As presented in [36] , we define single column matrices
and H z (z) the entries of which are E x m n (z), E y m n (z), E z m n (z), H x m n (z), H y m n (z) and H z m n (z), respectively. From (9), one can easily deduce that ∂/∂x ≡ −jα, and ∂/∂y ≡ −jβ with α and β being diagonal matrices with diagonal elements equal to α mn = k x + mb 1x + nb 2x and β mn = k y + mb 1y + nb 2y . Now that the field quantities and their derivatives are expressed by matrices, let us derive an equivalent matrix expression for the constitutive relations. In this study, the pyramidal absorbers under investigation are assumed to be made of nonmagnetic, linear, isotropic dielectric materials. Under these assumptions the constitutive relations in the spatial domain are B (r) = μ 0 H(r) and D (r) = ε 0 ε (r) E(r). The relative permittivity in the single layer considered here is a biperiodic function of x and y. Thus, ε(r) can be expanded into a pseudo-Fourier series with z-dependent expansion coefficients, (10) where the coefficients ε mn (z) are obtained using the inverseFourier transform,
Once the expansion coefficients ε mn (z) are determined, the relation D (r) = ε 0 ε (r) E(r) can be expressed in matrix form as
where u ∈ {x, y, z}, and the matrices D u (z) are defined in the same way as the matrices for the electric field components. The matrix ε (z) is a (2M + 1)(2N + 1) matrix with M and N being the Fourier truncation order in each direction and is obtained by the following relations
with
The constitutive relation B (r) = μ 0 H(r) can be converted to the equivalent matrix equation
where u ∈ {x, y, z}, and the single-column matrices B u (z) contain the expansion coefficients of B(r) which are sorted like the previous matrices for field quantities. Substituting the proposed solutions given by (9) along with the constitutive relations (12) and (15) in Maxwell's equations and eliminating the matrices of field components perpendicular to the grating surface (E z and H z ) leads to the desired TL formulation
where the matrices L and C are of 2K × 2K dimension, and are given by
Using the developed telegraph equations, the single layer structure shown in Fig. 2 is to be analyzed. The periodic region has a finite height which causes the electromagnetic fields to vary along the z-direction. The structure is often referred to as a dielectric photonic crystal slab. The periodic relative permittivity is expandable in a Fourier series of the form (10) . In addition, the telegraph equation given by (16) can be used to determine the natural modes of propagation. To this end, the equivalent voltage and current vectors are defined as V = (E x , E y ) T and
T . Therefore, the telegraph equation is transformed to a set of coupled-wave equations as
It can be easily shown that the 4K × 4K system of (18) may be reduced to
The equivalent voltage and current vectors in the periodic structure is expressed through eigenvectors P and Q, and eigenvalues k z as
where c + and c − are the amplitude vectors of forward and backward waves and X ± = e ∓jk z z are diagonal matrices with elements equal to e ∓j k z n z . P is obtained from the eigenvectors of ω 2 LC and k zn = √ λ n , where λ n is the eigenvalue of the same matrix. Q is obtained through Q = ωCP k −1 z , where k z is the assumed to be a diagonal matrix with its diagonal elements being equal to k zn .
Using the (9) for the propagating voltage and current the R matrix of a layer can be found as the following:
The above listed equations in conjunction with the pertinent TL formulation to obtain the matrices P, Q and k z offers a complete set of equations to solve any periodic multilayer structure, including the periodic structure of wedge and pyramidal absorbers. In the next section, we use the developed software based on the introduced formulation for modeling the considered absorbers.
IV. APPLICATION EXAMPLES
In this section, we outline some practical pyramidal absorbers and try to simulate them using the proposed method. The results are then compared against measurement.
A. ECCOSORB VHP-4
The first studied pyramidal absorber is the ECCOSORB VHP-4 absorber. The basic configuration of this absorber is shown in Fig. 4 , where the dimensions are measured as A p = 10.2 cm, B p = 7.7 cm, C p = 3.8 cm, and D p = 2.5 cm. To obtain the absorber characteristics over a wide frequency bandwidth, different measurement techniques are utilized, namely ARCH, COAX, WG300, WG500, and WG1000. Each of these techniques measures the reflectivity of the absorbers under test over a certain frequency band. The Arch setup which is composed of two antennas looking into the absorber under test is the most standard measurement technique to measure the reflectivity of absorbers [37] . After calibrating the setup, the reflectivity of the absorbers is measured in the frequency band of 2-6 GHz. In order to have the incident wave on the absorbers under test similar to the plane waves, they should be placed in the far field of the antennas. Moreover, the lateral size of the absorber under test should be large enough to reduce the edge effects. Hence, for the lower frequencies, e.g., below 1 GHz, the size of the arch setup as well as the number of absorbers needed to be measured becomes so huge that guided-wave structures with close boundaries are used for the reflectivity measurements instead of the Arch setup. To cover the frequencies from 10 MHz to 1.2 GHz, reported here as the measurement results, four different setups have been used. These four setups can be divided into two main groups of coaxial and hollow waveguides. The coaxial waveguide [38] , named as COAX, is capable of measuring the reflectivity of the absorbers under test from very low frequencies, e.g., 10 MHz, up to 140 MHz, which is the close to its second-mode cutoff frequency. For the rest of the frequencies, i.e., 140-320 MHz, 380-480 MHz, and 700-1200 MHz, WG300, WG500, and WG1000 are used, respectively. Note that these three setups are shorted hollow metallic waveguides [39] in which the absorbers under test are placed for reflectivity measurement. In Table I , the different measurement methods are listed with the corresponding frequency bandwidth. The reflectivity of the ECCOSORB VHP-4 absorber under normal incidence is simulated by the RFMM method. For the simulation, the permittivity of the absorbing material needs to be measured. A wideband coaxial setup has been used to extract the material characteristics of different absorbers investigated. A TRL calibration followed by an iterative postprocessing technique is used to extract the permittivity and permeability of different absorber samples [40] . Based on the measured data, the relative permittivity of the material is fitted to an exponential function, which is subsequently used in the RFMM method for evaluating the absorption performance. The simulation results obtained from the RFMM method are shown in Fig. 5 . The RFMM method is coded in MATLAB and run on a PC with INTEL i5 core and 8 GB of RAM. The simulation speed is very much dependent on the Fourier truncation order and the number of layers assumed for the discretization of the pyramidal region. For a simulation with M = N = 5 as the Fourier truncation order and 100 layers for the pyramidal region, the calculation in each frequency takes about 4 s. These numbers are chosen after investigating the convergence of the results. It means that increasing the truncation order or the layer discretization does not introduce a considerable change in the simulation results. The simulation result is also compared against the measured values, which evidences the reliability of the developed algorithm. In order to illustrate the performance of the absorber, we visualize the electromagnetic energy profile on a plane formed by the polarization vector and the pyramid axis. The energy profiles in different frequency points are shown in Fig. 6 . The absorbing behavior of the field in higher frequencies is evident in the visualizations. One of the promising features of the RFMM method is its ability to evaluate the reflected power in all directions. In other words, the amplitude of all the Flouquet harmonics is obtained in one single simulation. For the considered example, the cutoff frequency of the second-order Flouquet harmonic is about 7.9 GHz, meaning that for the frequencies higher than this value some of the incident power is reflected with certain reflection angle dependent on the frequency. The amplitude of the second reflected Flouquet mode in terms of the frequency is depicted in Fig. 7 .
B. ECCOSORB VHP-36
ECCOSORB VHP-36 is the second absorber simulated to verify the developed model. The configuration of this absorber is similar to VHP-4, shown in Fig. 4 . The dimensions are A p = 91.4 cm, B p = 76.4 cm, C p = 30.5 cm, and D p = 15 cm. Again, the reflectivity of the absorber is measured in different frequency bands using the aforementioned techniques. The fitting of the measured permittivity of the absorbing material to an exponential function is used to evaluate the absorption performance with the RFMM software. Fig. 8 presents the simulated results for the ECCOSORB VHP-36 absorber compared with the measured values. A good agreement between the simulation and measurement results is observed.
Due to the longer lattice constant in the VHP-36 absorber compared to the VHP-4 case, the cutoff frequency for the higher order Flouquet modes is smaller. This results in the propagation of several Flouquet modes in high frequencies. In the considered frequency interval, three higher order modes are able to propagate, whose power reflection coefficients are depicted in terms of frequency in Figs. 9-11. The cutoff frequencies for the first, second, and third higher order modes are 0.98, 1.97, and 2.95 GHz, respectively. 
C. ECCOSORB VHY-30
The last absorber considered for the verification of the developed RFMM code is the ECCOSORB VHY-30 absorber. The absorber configuration corresponds to the general structure shown in Fig. 1 . The first layer consisting of the truncated pyramids has the dimensions b = 30 cm, a = 8.2 cm, and h p = 69.2 cm. Underneath the pyramids resides a substrate layer with the thickness h s = 8.2 cm and is made out of the same absorbing material as the pyramids. The matching layer with thickness h m = 1 cm is made out of foam which has material properties close to air. The lowermost layer is the ferrite layer with thickness h f = 6 mm. Similar to the previous examples, the material properties of the pyramid and the substrate are modeled and given to the RFMM code. We have also performed measurement techniques to characterize the ferrite layer for calculating the overall reflection of the absorber VHY-30.
We use the illustrated material properties and the given dimensions to calculate the absorption properties of the VHY-30 absorber. The results are shown in Fig. 12 and compared against measurements. The strong absorption of this multilayer absorber dictates measurement of very minute signals in the reflection spectrum, which is very challenging in long wavelengths. Additionally, in the low-wavelength regime, a reliable measurement requires accurate consideration of the diffraction effects and the radiation pattern of the utilized antenna. Fulfilling these tasks with a high accuracy in the level of −30 to −50 dB is very difficult in an ARCH measurement setup. For this reason, achieving a general good agreement with the simulation results is very cumbersome. We have additionally evaluated the absorber reflection using the commercial software Ansoft HFSS, which solves the problem using an FEM in order to better verify the RFMM simulation method. The agreement between the two different simulation techniques shows the promise of our semianalytical approach. There are of course some discrepancies in the results in the tails of the considered frequency range for the FEM simulation. This is indeed a well-known effect. In the long wavelengths, the inaccurate mesh truncation reduces the calculation precision, and in the high-frequency (short wavelength) range, the improper discretization leads to the same difficulty.
V. CONCLUSION
A hybrid method is presented for the efficient analysis of the pyramidal absorbers. The method takes advantage of the FMM to consider the periodicity of the structure in the both transverse dimensions. The R-matrix method in conjunction with a planar discretization of the pyramidal region results in a rigorous and robust technique for modeling pyramidal absorbers. Various absorbers are simulated using this method and compared with measurement results. We believe that the introduced technique will be very advantageous for future assessment of multilayer absorbers as well as the metamaterial absorbers.
